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Suppose that R is a power series ring over a field, or a ring of
convergent power series, with maximal ideal m. Given two ideals I, J in
R, it is of interest to determine general conditions ensuring that there is an
isomorphism RrI ( RrJ.
w x In CS see Theorem 1.6 of this paper for the extension to the analytic
.case , we proved that if I is reduced and equidimensional, and H is an
ideal defining the nonsmooth locus of RrI, then there exists an integer n
such that if J is equidimensional of the same height as I, and I ' J mod
 .nj I , then there exists an isomorphism RrI ( RrJ. This extends a theo-
w xrem on isolated singularities of Hironaka H1 .
In this paper we obtain generalizations to arbitrary ideals.
The ideal theorem would be that if H is an ideal defining the non-
smooth locus of RrI, then there exists an integer n such that if J is any
ideal with J ' I mod H n, then RrI and RrJ are isomorphic. However, it
is easy to see that this cannot be true, since this equivalence condition can
be fulfilled, while the height of J is larger than that of I.
 n .Suppose that F g Hom R , R is a homomorphism and I is the image
of F. Let H be a proper ideal of R. F is said to be finitely determined by
H if there is a positive integer a, such that F ( G mod H a implies that
there exist an automorphism f of R and an R-isomorphism A of Rn such
 .that f F s AG. Thus, if F is finitely determined by an ideal H, which
depends on I, then we get an intrinsic criterion for determining when RrI
would be isomorphic to another singularity RrJ. The idea of finite deter-
w xmination was introduced by Mather in M where he proved necessary and
sufficient conditions for existence of a nontrivial finite determination for
analytic and C` mappings. In this paper, we extend these ideas and results.
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Suppose that H is an ideal defining the nonsmooth locus of RrI. In
Section 2 we consider the condition of equivalence of a set of generators
of I and J modulo a power of H. In Theorem 2.1 and its corollary we
prove that if the R-linear map
FmR ª I ª 0
realizes I as a complete intersection, then there exists an integer a such
that if
GmR ª R
is a map such that G ' F mod H a, then there exists a k-algebra automor-
 .phism f of R and an invertible matrix A such that f F s AG. If J is
 .the ideal generated by the entries of G, then f I s J. In particular,
RrI ( RrJ. The technique in Section 2 is classical, and is that used by
w x w xSamuel S and Tougeron T to obtain similar results. Mather obtains
w x  .results of this kind in M on ``contact equivalence'' by solving an
appropriate ODE.
However, we show in Sections 2 and 3 that this result fails if I is not a
complete intersection. In fact, the existence of an ideal K whose radical
’properly contains I , with the property that F ' G mod K implies that I
and J are isomorphic, forces F to realize I as a smooth complete
intersection on a nontrivial open set. This follows from our proof of
necessity in Theorem 3.1, which realizes the infinite-dimensional space of
mappings as a limit of algebraic varieties. In particular, we prove that a
necessary and sufficient condition for the existence of a nontrivial finite
determination for an ideal I of R is that I is a smooth complete
intersection in a nontrivial open set.
As such, we need to look further into a free resolution to obtain a
general result of the form RrI ( RrJ whenever some appropriate data of
I is equivalent to the corresponding data of J modulo a fixed power of the
 .ideal H defining the nonsmooth locus of RrI .
A natural condition is to require that the first part of a free resolution
of I agrees with the first part of a free resolution of J modulo a power of
an ideal depending only on I. This problem has been considered by
w x w x w xMather M , Tougeron T , Hironaka in his announcement H2 , and Elkik
w xE .
In Section 4, we show that it is sufficient to compare the generators and
relations of I and J. Suppose that
L Fl mR ª R ª I ª 0
is a right exact complex of R-module homomorphisms.
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We show in Theorem 4.4 and its corollary that if H is an ideal defining
the nonsmooth locus of RrI, then there exists an integer a such that if
F Gl mR ª R ª R
is a complex of R-module homomorphisms, with G ' F mod H a and
F ' L mod H a, then there exists a k-algebra automorphism f of R and
 .an invertible matrix A such that f F s AG. In particular, if J is the
ideal generated by the entries of G, then RrI ( RrJ. A similar result has
w xbeen obtained by Elkik E , using different methods.
In Section 5, we consider homomorphisms of free R-modules, where R
is a domain, and obtain conditions for isomorphism of homomorphisms.
 .Let F and G be free R modules, and let A, B g Hom F, G be homo-R
morphisms from F to G. A is said to be isomorphic to B if there are
 .  .automorphisms C g Aut F and D g Aut G such that B s D( A(C.R R
Given a homomorphism A, we give conditions for B in terms of invariants
of A, which will ensure that B is isomorphic to A.
A classical result gives a simple answer when R is a P.I.D. Suppose that
 .A is an m = n matrix with coefficients in a local P.I.D. R, and I A is a
 .proper ideal of R. Suppose that B is another m = n matrix with rank B
 .  .2F rank A , and A ' B mod I A . Then B is equivalent to A. This can
 .be easily seen. Let r s rank A . Since R is a P.I.D., A is equivalent to a
diagonal matrix with d , d , . . . , d , 0, . . . , 0 down the diagonal, where the1 2 r
d / 0. Without loss of generality, we may assume that A has this form.i
 .2  .Since B is equivalent mod I A to a diagonal matrix and R is a P.I.D. ,
there exist invertible matrices C and D equivalent to the identity
 .2mod I A such that CBD is a diagonal matrix, with e , e , . . . down the1 2
 .2  .diagonal, where e ' d mod I A . Hence e s unit d for i F r. Wei i i i
 .  .  .2  .  .have I A ' I B mod I A . Hence rank B s rank A , and e s 0 forr r r i
i ) r. In particular, A and B are equivalent.
We generalize this equivalence criterion to domains. Suppose that R is
 m n.  .domain, A g Hom R , R . Let H s I A . Suppose that R is H-R
adically complete. It is shown in Theorem 5.2 that there exists an integer t
 m n.  . tsuch that if B g Hom R , R , rank B G r, and B ' A mod H , thenR
 .  . w xthere exists C g GL R and D g GL R such that B s DAC. Elkik Em n
has obtained analogous results using quite different methods.
Our proofs of finite determinations are direct and constructive. As such,
the constants in Theorem 4.4 and Theorem 5.2 are ``computable.'' An
interesting question is if the constants a , b , c of Theorem 4.4 and0 0 0
m , n of Theorem 5.2 can be chosen uniformally for all suitably re-0 0
.stricted ideals I. Appropriate generalizations of Uniform Artin]Rees
 w x w x.theorems cf. Huneke Hu and O'Carroll O could play a major role in a
positive answer.
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In Section 6, we apply this equivalence criterion to give a criterion for
finite determination of complexes.
1. PRELIMINARIES
ww xxGiven f , . . . , f in a power series ring k x , . . . , x , we will denote the1 n 1 r
Jacobian matrix by
­ f ­ f1 1
???
­ x ­ x1 r
­ f , . . . , f . . .1 n . .s .. .­ x , . . . , x .1 r ­ f ­ fn n
???
­ x ­ x1 r
 .If R is a ring and A is a homomorphism of free R modules, I A willm
denote the ideal in R of m = m minors of a matrix of A. If t is the rank
 .  .of A, I A will denote I A .t
 .LEMMA 1.1. Suppose R is a domain, H ; R is an ideal, f : X ª spec R
 .is the blowup of H, O 1 s HO . Then there exists m G 0 such thatX X 0
G X , O n ; H nym0 . .X
for all n G m .0
  .. nProof. Let S s G X, O n , T s H . S is a finitely[ [nG 0 X nG 0
w xgenerated T module by EGA, III 3.3.1 . Hence there exists m G 0 such1
m1   ..that S s G X , O i T . There exists m G 0 such that[ is0 X 2
m2   ..H G X, O i ; R for 0 F i F m . HenceX 1
m1
ny i nym ym1 2G X , O n s G X , O i H ; H .  . .  .X X
is0
for n G m q m . Set m s m q m .1 2 0 1 2
ww xxLet R s k x , . . . , x be a power series ring over a field k. Let1 r
 . w xK ; L s l , . . . , l be proper ideals in R. Let B s R l rl , . . . , l rl ,1 n i 1 i n i
w x w x  .B s B l rl s B l rl . B s D spec B is the blowup of L, andi j i i j j j i i
Ã .  .  .spec B l spec B s spec B . Let B be the formal completion of Bi j i j i i
Ãalong KB , B the formal completion of B along KB . Theorem 1.2 andi i j i j i j
w xLemma 1.3 are proved in Section 5 of CS .
s Ã r .  .THEOREM 1.2. Gi¨ en U s u , . . . , u g K B with s G 3 there is a1 r i
Ãw x w xunique automorphism U, ? of B such that U, x s x q u for all j.i j j j
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w xFurthermore, U, ? has the following properties:
sy1 Ã . w x1 U, ? ' id mod K B .i
Ã Ã . w x2 U, KB s KB .i i
Ã . w x3 U, ? extends uniquely to an automorphism of B for any j.i j
a Ã r .  .  .LEMMA 1.3. Suppose U s u , . . . , u g K B and V s ¨ , . . . , ¨1 r i 1 r
b Ã r .g K B with a, b G 3.i
cq1 Ã . w x w x w x w x1 If U, y ' V, y mod K B for all y g R, then U, ? ' V, ?i
c Ãmod K B .i
aqby2 Ã . w w xx w x2 U, V, ? ' U q V, ? mod K B .i
y1 2 ay2 Ã . w x w x3 U, ? ' yU, ? mod K B .i
Ã .  .  .4 Formulas 1 ] 4 hold in B for all j.i j
cq1 Ã r y1 .  . w x w x w x5 If U y V g K B then V, ? U, ? ' U y V, ? modi j
cqby1 ÃK B .i j
 .LEMMA 1.4. Solution by iteration. Let S be a ring which is complete with
respect to the L-adic topology for some ideal L ; S. Let K ; L be an ideal
i  .and i ) 0. Gi¨ en a g S , a formal series b a which in¨ol¨ es only powers
bigger than or equal to two in the coefficients of a, and d g KSi, there exists a
solution a g KSi for the equations
d s a q b a . .
w xA proof of this classical result is given in Lemma 6.3 CS .
w xThe following is Theorem 1.4 of A .
 .THEOREM 1.5 M. Artin . Suppose that k is a field of characteristic zero
 .   .  ..with a nontri¨ ial ¨aluation. Let F X, Y s f X, Y , . . . , f X, Y be con-1 m
 .  .¨ergent series in the ¨ariables X s x , . . . , x and Y s y , . . . , y . Let1 n 1 N
 4k x , . . . , x be the ring of germs of con¨ergent power series in x , . . . , x . Let1 n 1 n
 4  .   .  ..I be an ideal of k x , . . . , x , c an integer. Let Y X s y X , . . . , y X1 n 1 N
  4.with y g k x , . . . , x , where hat denotes I-adic completion, be a formalÃi 1 n
  ..solution to F, that is, F X, Y X s 0. Then there exists a con¨ergent solution
N .   4.   ..  .  .Y s Y 9 X g k x , . . . , x to F X, Y X s 0 such that Y 9 X ' Y X1 n
mod I c.
THEOREM 1.6. Let k be a field of characteristic zero with a nontri¨ ial
 4¨aluation, let R s k x , . . . , x be germs of con¨ergent power series. Let I be1 r
a reduced and equidimensional ideal of R. Let I be generated by f , . . . , f .1 n
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 .Let j I be the ideal generated by I and the t = t minors of the Jacobian matrix
­ f ­ f1 1
???
­ x ­ x1 r
. .. . ,. .
­ f ­ fn n
???
­ x ­ x1 r
where t is the height of I. Then there exists an integer a depending only on I,
such that if J is any other reduced equidimensional ideal of the same height as
 ..ac  .acI, and if I q j I s J q j I for some c G 1, then there exists an
 .  .cautomorphism s of R such that s I s J and s ' id mod j I .
w xProof. By Theorem A of CS , there exists an integer a , such that1
 .a1c  .a1cI q j I s J q j I for some c G 1 implies there exists an isomor-
Ã Ã  .phism f of R, where R is the completion of R with respect to j I , such
Ã Ã c .  .that f I s J and f ' id mod j I .
 . n nyn1Let H s j I . By Artin]Rees, there exists n such that H l I ; H I1
for all n ) n .1
Let a s 2 a n . Suppose I q H ac s J q H ac for some c G 1. Let I s1 1
 . acf , . . . , f . By assumption there exists g g J such that f y g g H for1 n i i i
0 F i F n.
 .  .Let Z s z be an n = n matrix of indeterminates, X s x , . . . , x ,i j 1 r
 .Y s y , . . . , y vectors of indeterminates. Consider the set of analytic1 r
equations in X, Y, Z
ZG X s F X q Y , 1 .  .  .
where
f X g X .  .1 1
. .. .F X s , G X s . .  .. .
f X g X .  .n n
Ã w xLet R be the completion of R with respect to H. By Theorem A CS
Ã Ã Ã .  .cited above there exists an automorphism s of R such that s I s J and
Ã2 cn1 cq1 Ãrw xs ' id mod H . s s U9, ? with U9 g H R .
Ã Ã2 cn1 Ã2 cy1.n1 Ã Ã .  .s f y g g J l H ; H J, and J s g , . . . , g by Nakayama'si i 1 n
 .Lemma. Hence J s g , . . . , g , since completion of a local ring is faith-1 n
fully flat. For 1 F i F n we have relations
s f s g q a g . i i i j j
j
Ã2 cy1.n1  .with a g H . Let A9 s id q a .i j i j
CUTKOSKY AND SRINIVASAN22
Ã .  .  .A9G X s F X q U9 is a solution to 1 in R, with A9 ' id
Ã2 cy1.n1 Ãcq1mod H , U9 ' 0 mod H .
 .By Theorem 1.5, there exists a convergent solution Z s A, Y s U of 1 ,
2 cy1.n1 cq1 w xwith A ' id mod H , U ' 0 mod H . Let f s U, ? . f is
c  .analytic, with f ' id mod H and f I s J, since A is invertible and
 .AG s f F .
2. FINITE DETERMINANCY 1
ww xxTHEOREM 2.1. Let k be a field, and let R s k x , . . . , x be a power1 r
series ring,
f g1 1
. . n. .F s , G s g R .. .
gf nn
Let
­ f ­ f1 1
???
­ x ­ x1 r
. .. .W s .. .
­ f ­ fn n
???
­ x ­ x1 r
 .  .Let J s f , . . . , f q I W , and assume that J / R. Suppose that F ' G1 n n
s n  .mod J R with s G 3. Then there exists B g GL R and a k-automorphismn
f of R such that
 .  . n1 f F s BG g R ,
 . sy12 f ' id mod J ,
 . sy1 n3 B ' id mod J R .
 .  .Remark 2.2. If J s R then either f , . . . , f s R or f , . . . , f is part1 n 1 n
of a system of coordinates of R. It is then not difficult to see that F ' G
 .2mod x , . . . , x implies there exists a k-automorphism f of R and an1 r
 .R-module isomorphism B such that f F s BG.
Proof of Theorem 2.1. There exist c g J sy1 such thatab
n
2sy2g ' f q c f mod J I W .a a a b b n
bs1
for 1 F a F n.
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Then
2sy2G ' I q c F mod J I W . .  . .n=n a b n
 .   ..I q c is invertible over R since det I q c is a unit in R.n=n a b n=n a b
  ..y1Let B s I q c ,n=n a b
s1
..S s s BG.
sn
so that
2sy2S ' F mod J I W . .n
n rw x  .  .  .Let H W s m , . . . , m , p s , so that I W s m , . . . , m . There1 p n 1 pn
exist n = 1 matrices
1dab
..D sab .
ndab
with d g J sy2 such thatab
p
S s F q D m m . 2 . ab a b
a , bs1
 4  .Let t , . . . , t be the set of all combinations of 1, . . . , r taken n at a1 p
 .time in the lexicographical order, and let W t be the n = n submatrix ofa
  ..W consisting of precisely the columns t . Then det W t s m . Let Ba a a ta
be the r = n matrix consisting of only n nonzero rows which are precisely
 .the rows of the adjoint matrix of W t in that order. Let A sa
w xB , . . . , B . Thent t1 p
WA s m I , . . . , m I .1 n=n p n=n
Define a pn = 1 matrix
p
kT s a m , 1 F k F n , 1 F a F p , ab b /
bs1
where ak are indeterminates. Setab
kh a .1 a b
kh a .2 a b
AT s H s ....
kh a .r a b
CUTKOSKY AND SRINIVASAN24
k  .  .If the a are contained in an ideal N, then h , . . . , h ; NI W ;ab 1 r n
1aabp
..W AT s m m . a b.
a , bs1 naab
In order to construct the automorphism f, it suffices to find u , . . . , u g1 r
sy1  .  .J R such that f x q u , . . . , x q u s s x , . . . , x for 1 F a F n.a 1 1 r r a 1 r
 .Then f is given by x ª x q u . Let U s u , . . . , u . We must solve thei i i 1 r
equations
u1
..S s F X q U s F q W q terms in u u . 3 .  .a b.
ur
w 1 n 1 n n x 2Let a s a , . . . , a ; a , . . . , a ; . . . , a . a is a 1 = np matrix. Let u s11 11 12 12 p p a
 .h for 1 F a F r. Since AT s H, 3 becomesa
1aabp p
..S s F q m m q B a m m , . a b a , b a b.
a , bs1 a , bs1naab
 .where each B a is an n = 1 matrix of formal power series in theab
coefficients of a involving powers bigger than or equal to two of ak . Fromab
 .2 , we see that to construct the automorphism f, it suffices to solve the
system of equations
1aab
..D s q B a .ab a b.
naab
for a. By Lemma 1.4 there exists a solution a with coefficients in J sy2R.
 k . sy2  . sy1 sy1Since u s h a g J I W ; J we have f ' id mod J .i i a , b n
ww xxLet k be a field, and let R be a power series ring k x , . . . , x or1 r
 4germs of convergent power series k x , . . . , x if k has characteristic zero1 r
and k has a nontrivial valuation. Let m be the maximal ideal of R,
F s mRn.
 w x.F g F is said to be finitely H-determined cf. Definition 3.1 M if there
exists t ) 0 such that for any G g F such that G ' F mod H t0 there0
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 .  .exist A g Gl R and a k-automorphism f of R such that AG s f F .n
F is said to be H-determined if F is finitely H-determined with t s 1.0
w xLet F s f , . . . , f g F. Let1 n
­ f ­ f1 1
???
­ x ­ x1 r
. .. .W s .. .
­ f ­ fn n
???
­ x ­ x1 r
COROLLARY. Let F g F, H ; R a proper ideal. Then F is finitely H-
n  . n r .determined if R r f , . . . , f R q WR is annihilated by a power of H.1 n
The con¨erse is true if k has characteristic zero.
n  . nProof. Suppose that a power of H annihilates R r f , . . . , f R q1 n
r .WR . Then H ; f , . . . , f q I W by Lemma 2.4. Hence there’ .  .1 n n
t0  .  ..3exists t such that H ; f , . . . , f q I W .0 1 n n
t0  .Suppose that G ' F mod H . Let Z s z be an n = n matrix ofi j
 .  .indeterminates, X s x , . . . , x , Y s y , . . . , y vectors of indetermi-1 n 1 r
nates. Consider the set of analytic equations in X, Y, Z
ZG X s F X q Y . 4 .  .  .
ÃLet R be the completion of R with respect to m. The proof of Theorem
 . w x2.1 and Remark 2.2 actually produces a formal isomorphism f9 s U9, ?
Ã Ã X Ã .  .  .: R ª R and A9 s a g GL R such that A9G s f9 F . Z s A9, Y si j n
 .U9 is a formal solution of 4 . By Theorem 1.5, there exists a convergent
 . w xsolution Z s A, Y s U of 4 . Let f s U, ? . Then A, f are analytic, and
 .AG s f F .
The converse follows from Theorem 3.1.
Remark 2.3. As a special case of the corollary, we obtain necessary and
 .sufficient conditions for finite m-determination m is the maximal ideal of
real and complex analytic mappings under contact equivalence, a result
w xproved by Mather in Theorem 3.5 M .
ww xx  4LEMMA 2.4. Let R s k x , . . . , x , or R s k x , . . . , x , F s1 r 1 r
w x mf , . . . , f g R . Let W be the m = r matrix1 m
­ f ­ f1 1
???
­ x ­ x1 r
. .. .W s .. .
­ f ­ fm m
???
­ x ­ x1 r
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W is an R-module homomorphism W : Rr ª Rm. Let
M s Rmr Image W q f , . . . , f Rm . .  . .1 m
Then
Ann M s f , . . . , f q I W .’ .  .’ R 1 m m
 .  .Proof. Let I s f , . . . , f , J s I W , H s Ann M.1 m m R’ ’Suppose that H / I . Let P be a prime containing I which does not
contain H. Set K s R rP . ThenP P
K s HK s Ann K mrImage W P : K r ª K m . . .K
  .. msince I ; P. Hence Image W P s K so that W has rank m at P, and
W has rank m. We have
m m m’J q I R ; Image W q IR ; J q I R ; .  .  .
m m’ ’H s Ann R r I q J R s I q J .’  . .R
ww xx  4LEMMA 2.5. Let R s k x , . . . , x or R s k x , . . . , x , F s1 r 1 r
w x m  .f , . . . , f g R , I s f , . . . , f . Suppose that1 m 1 m
’I q I W / I .’  .m
 .  .Then there exists a prime P g spec RrI such that RrI is smooth andP
f , . . . , f is a regular sequence in R . In particular, if I is equidimensional,1 m P
then f , . . . , f is a regular sequence in R so that I is a complete intersection.1 m
 .Proof. By assumption there exists P g spec R such that I ; P and
 .  .I q I W o P. Hence I W o P and after possibly reindexing the vari-m m
ables x , . . . , x , we have1 r
­ f , . . . , f .1 m
0 / det P g R rP . . P P /­ x , . . . , x .1 m
 .Hence f , . . . , f is a regular sequence in R and RrI is smooth. If I1 m P P
 .  .is equidimensional, then m s ht I s ht I . Hence I is a completeR P RP
intersection.
’When Ann M s I / R, the situation is very simple. Then F ' G mod
2  .I implies that I s g , . . . , g by Nakayama's Lemma, and there exists1 m
an invertible matrix A such that G s AF cf. the first paragraph of the
.proof of Theorem 2.1 .
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Lemmas 2.4 and 2.5 show that Theorem 2.1, its corollary, and Mather's
 .Theorem cf. Remark 2.3 give nontrivial information only for mappings
which are complete intersections on some nonempty open set. Here
 .``trivial'' means that I and g , . . . , g are forced to be the same ideal.1 m
3. NECESSITY
ww xx  .Let k be a field, R s k x , . . . , x with maximal ideal m s x , . . . , x .1 r 1 r
Let F s mRn, and let J be the group of k-algebra isomorphisms of R,
 .K s GL R . An equivalence relation ; can be defined on F by F ; Gn
 .if there exists f g J, A g K such that f F s AG.
Given an ideal H ; R, say that F is H-determined if F ' G mod H
implies that F ; G.
 .  .Consider the action of J on K by f, A ¬ f A . Let G be the
semidirect product of K and J. The group multiplication is G = G ª G,
A , f ? B , c s A f B , f (c . .  .  . . .
 .   ..G acts on F by A, f ? G s A f G . The orbits of G are the equiva-
lence classes of ; .
THEOREM 3.1. Suppose that k is a field of characteristic zero, and F g F.
Let
­ f ­ f1 1
???
­ x ­ xf 1 r1
. .. . ..F s , W s ,. ..
­ f ­ ff n nn
???
­ x ­ x1 r
W : Rr ª Rn.
Suppose that F is H-determined where H is a proper ideal. Then
H ; Ann Rnr Image W q f , . . . , f Rn . .  . . .R 1 n
This theorem and its proof are an extension of the argument of Mather
w x `M for necessity of finite m-determinancy in analytic and C mappings.
We will first define systems of algebraic varieties F t, J t, and K t with
natural projections F ª F t, J ª J t, K ª K t.
 .Given a multi-index I s i , . . . , i , where each i is a nonnegative1 r j
integer,
I i1 i r < <x s x ??? x and I s i q ??? qi .1 r 1 r
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Given G g F,
g1
..G s ..
gn
The g have expansionsi
g s a i x I for 1 F i F n ,i I
< <0- I
where the a i can be arbitrary elements of k.I
Let F t s mRnrmtq1Rn. Elements of F t are determined by expansions
g s a i x I for 1 F i F n ,i I
< <0- I Ft
where the a i are arbitrary elements of k. There is a natural identificationI
t  w i < < < x. tof F with the k-valued points of spec k a 0 - I F t . This gives FI
the structure of a k-variety. The natural projections of F l onto F t for
l G t correspond to the natural inclusions
i i< < < < < <k a 0 - I F t ª k a 0 - I F l .I I
Elements f of J are determined by expansions
f x s b i x I for 1 F i F r , . i I
< <0- I
where the b i can be arbitrary elements of k satisfyingI
1 1b ??? b1 r
. .i . .det b s det / 0. .j . .
r rb ??? b1 r
Let J t be the group of k-algebra automorphisms f of Rrmtq1. Such
maps are determined by expansions
f x s b i x I for 1 F i F r , . i I
< <0- I Ft
i  i.where the b can be arbitrary elements of k satisfying det b / 0. AsI j
such, there is a natural identification of J t with the k-valued points of
i i< < <spec k b 0 - I F t y V det b .  . /I j
1
i < < <s spec k b 0 - I F t .I i /det b .j
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This gives J t the structure of an algebraic group. The natural projections
of J l onto J t for l G t correspond to the natural inclusions
1 1
i i< < < < < <k b 0 - I F t ª k b 0 - I F l .I Ii idet b det b .  .j j
 .An element U s u of K has expansionsi j
u s g i j x I for 1 F i , j F n ,i j I
i j  i j.where the g can be arbitrary elements of k satisfying det g / 0.I 0
t  tq1.  . tLet K s GL Rrm . An element U s u of K is determined byn i j
expansions
u s g i j x I for 1 F i , j F n ,i j I
< <I Ft
i j  i j.where the g can be arbitrary elements of k satisfying det g / 0.I 0
There is a natural identification of K t with the k-valued points of
1
i j i j i j< < < <spec k g N I F t y V det g s spec k g N I F t . . . .I 0 I i j /det g .0
This gives K t the structure of an algebraic group. The natural projections
of K l onto K t for l G t correspond to the natural inclusions
1 1
i j i j< < < <k g N I F t ª k g N I F l .I Ii j i jdet g det g .  .0 0
Let G t s K t = J t be the semidirect product. There is an action of G t
on F t.
Suppose that F has expansions
i If s a x for 1 F i F n.i I
< <0- I
i i .Here a s a f are the coefficients of the expansion of f . In this way weI I i i
i t . < <will identify F with the k-valued point a , I F t in F .I
 .  .Given a k-variety V and p g V k , T V will denote the tangent sheaf
 1 .  .  .  .Hom V , O and T V s T V m k p .V r k V p
We will make use of the following isomorphisms, which are compatible
with the projection maps.
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There are k-vector space isomorphisms
­
t n tq1 nT F s k ª mR rm R , 5 .  .F i­aI< <0- I Ft
1FiFn
­
I¬ x e ,ii­aI
 4 nwhere e , . . . , e is the standard basis of R . The natural maps on tangent1 n
 l.  t.spaces T F ª T F for l G t correspond to the natural projectionsF F
mRnrmlq1Rn ª mRnrmtq1Rn. There are k-vector space isomorphisms
­
t r tq1 rT J s k ª mR rm R , 6 .  .id j­b< <0- J Ft J
1FjFr
­
J¬ x e ,jj­b
J
 4 rwhere e , . . . , e is the standard basis of R .1 r
t  tLEMMA 3.2. Suppose that H is a proper ideal in R. Let F s G g F NH
4G ' F mod H . Then
 . t t1 F is a linear k-sub¨ariety of F .H
 .  t.  n tq1 n.  .2 T F ( H R rm R under the isomorphism 5 .H F
Proof. Since H is a k-linear submodule, the condition on the a i thatI
G ' 0 mod H is determined by the vanishing of a finite number of
 i. i i ihomogeneous k-linear forms E a s  c a . The condition on the aI I I I
i i .that G ' F mod H is then determined by the vanishing of the E a y a .I I
i i i . w xLet L be the set of all these E a y a , and let U be the ideal in k aI I I
generated by L.
t  w i x .F can be identified with the k-valued points of spec k a rU . SinceH I
F t is smooth, we have an exact sequence of locally free modulesH
d2 1 1
t t t0 ª UrU ª V m O ª V ª 0,F r k F F r kH H
from which we can construct the exact normal space sequence
0 ª T F t ª T F t ª Hom UrU 2 , O t m k F ª 0. .  . .  .FH FF H
It follows that
t t i i i iT F s d g T F N d E a y a s 0 for all E a y a g L . . .  .  . 5 /FH I I I IF
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i i t i i i i .  .   ..  .Let d s  r ­r­a g T F . d E a y a s 0 for all E a y a sI I F I I I I
i i i i i . c a y a g L iff  r c s 0 for all such E, which holds if and only ifI I I I I
 i.E r s 0 for all such E, which holds if and only ifI
1 I r xI
. n.G s g HR ,.
n I r xI
 n tq1 n. n tq1 n  t.which is true iff d g H R rm R ; mR rm R ( T F .F
LEMMA 3.3. Let a : G t ª F t be the map g ª g ? F so that the image ofF
a is the orbit of F. Then the image ofF
T a : T G t ª T F t .  .  .id FF
is
m Image W F q f , . . . , f Rn rmtq1Rn ; mRnrmtq1Rn . .  . . .1 n
t t t  .  .  . t tProof. G s K = J . T a s T g [ T b where b : J ª F ,F F F F
 .  . t t  . tb f s f F , and g : K ª F , g A s AF are the orbit maps of KF F F
t  .and J . We will first calculate the image of T b .F
ww xx  .Let S s k y , . . . , y with maximal ideal n s y , . . . , y . Let1 n 1 n
X s spec Rrmtq1 , Y s spec Srntq1 . .  .t t
F t can be identified with the set of k-algebra homomorphisms
c : Srntq1 ª Rrmtq1. The correspondence is
c y .1
..c ¬ ..
c y .n
The evaluation map u : J t = X ª X has comorphismt t
1
tq1 j tq1u* : Rrm ª k b m Rrm ,
J idet b .j
u* x s b j x J for 1 F j F r . . j J
< <0- J Ft
Consider the evaluation map ¨ : F t = X ª Y . The comorphism ist t
tq1 i tq1 i I¨* : Srn ª k a m Rrm , ¨* y s a x . I i I
< <0- I Ft
for 1 F i F n.
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The comorphism
1
U i jb : k a ª k bF I J idet b .j
is determined by the expansions
I Ui i Ja u* x s b a x . . .  . I F J
I J
We have a commutative diagram:
b =idFt t6J = X F = Xt t
6 6
u ¨
F 6X Y .t t
There is an induced commutative diagram of maps of tangent spaces:
 .T bFt t6 .  .T J T Fid F
6 6
 .T b [idFt t6 .  .  .  .T J [ T X T F [ T Xid t F t
6 6
 .  .T u T ¨
 .T Ftq1 r tq1 n6 .  .  .  .T X ( Rrm T Y m O ( Rrm .t t X t
The vertical maps are
­ ­ u*x ­ ­ .i Jª s x ,j j ­ x ­ x­b ­b i jiJ J
and
­ ­ ¨*y ­ ­ .j Iª s x ,i i ­ y ­ y­a ­a j iI Ij
 .  .  tq1. rwhich are the isomorphisms 6 and 5 onto m Rrm and
 tq1.nm Rrm .
 .T F is the map
­ ­ F*y ­ ­ f ­ .j jª s . 
­ x ­ x ­ y ­ x ­ yi i j i jj j
  ..This concludes the calculation of Image T b .F
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  .. t tNow we compute Image T g . g : K ª F has comorphismF F
1
U i i jg : k a ª k g .F I I i jdet g .0
From the expansions
n
U i I i j J i j J j Kg a x s g x f s g x a x .     F I J j J /  /  /K
I js1 J j J K
we have
n n
U i i j j i j jg a s g a s g a . .    F I J K J IyJ
js1 JqKsI js1 J-I
 .T gFt t .  .The tangent space map T K ª T F is given byid F
­ ­g U a k ­ ­g U a i ­ ­ .  .F I F I jª s s a .   IyJi j i j k i j i i­g ­g ­a ­g ­a ­aJ J J I Ik , I I J-II
 .T gFt t n tq1 n .  .Hence the map T K ª T F ( R rm R is given byid F
­
j I J j IyJ Jª a x e s x a x e s f x e . i i j ii j  /IyJ IyJ­gJ J-I J-I
  ..  . n tq1 nHence Image T g is f , . . . , f R rm R .F 1 n
LEMMA 3.4. Suppose that k is a field of characteristic zero, G is an
 .algebraic k-group, G k is dense in G, and b : G ª X is the orbit mapF
 .  .  .  .x ¬ xF for F g X k . Then T b : T G ª T X is onto for all x gF x x x F
 .G k .
 .Proof. We will first show that there exists y g G k such that the
tangent space map is onto. There exist affine open sets V and W of G and
 4X such that there are systems of uniformizing parameters x on W andj
 4 1 1y on V so that V s  O dy and V s  O dx are free mod-i V r k V i W r k W j
ules. There is an exact sequence
A1 1 1V m O ª V ª V ª 0, 7 .W r k O V V r k V r WW
 .where A is the matrix ­ y r­ x . Localizing at the generic point of G, wei j
 w x.  .  .see cf. Theorem 26.6 Ms that A is injective, and that rank A s dim X ,
 .  .  .since k W ª k V is a separable field extension. After possibly replac-
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 .  .ing V by a smaller affine open set we have I A s O . Hence 7 is anV
exact sequence of free O modules, andV
T V s Hom V1 , k x ª Hom V1 , k x s T W .  .  .  . .  .x x FV r k W r k
is onto for all x g V.
 .Now suppose that x g G k is arbitrary. By the above paragraph, there
 .  . y1exists y g G k such that T b is onto. Translation by xy induces aF y
commutative diagram
xyy1 6 .  .T G T Gy x
6 6
y1xy 6 .  .T X T X ,yF x F
where the rows are isomorphisms.
Now we can prove Theorem 3.1. Suppose that F is H-determined. By
Lemma 3.2, F t has the structure of a smooth k-subvariety of F t, andH
 t .  n tq1 n. t tT F s H R rm R . Let U be the orbit of F by G in F . Since FH F
t  .  .  t. .is H-determined, F ; U. By Lemma 3.4 T U s T a T G . ByH F F id
Lemmas 3.2 and 3.3
HRn ; m Image W q f , . . . , f Rn q mtq1Rn . .  .1 n
Since this calculation holds for arbitrary t,
HRn ; F m Image W q f , . . . , f Rn q mtq1Rn .  . .t ) 0 1 n
s m Image W q f , . . . , f Rn ; Image W q f , . . . , f Rn . .  .  .  .1 n 1 n
4. FINITE DETERMINANCY 2
ww xx  .Let k be a field, R s k x , . . . , x , with maximal ideal n s x , . . . , x ,1 r 1 r
and let
L Fl mR ª R ª R
be a complex of R-module homomorphisms, exact at the middle. Let
w xF s f , . . . , f ,1 m
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 .  .  .I s f , . . . , f , W s ­ f , . . . , f r­ x , . . . , x be the Jacobian matrix1 m 1 m 1 r
of F.
Let
H s I L I W q I. .  . my t t
t
Let
d s det L .st t s  tq1. , . . . , s m. ; t 1. , . . . , t myt .
­ f , . . . , f .g 1. g  t .
e s det ,gv t  /­ x , . . . , x .v1. v  t .
 .  .  4where max 1, m y l F t F min m, r , s , g are permutations of 1, . . . , m ,
 4  4t is a permutation of 1, . . . , l , and v is a permutation of 1, . . . , r .
L denotes the submatrix of the s t qs  tq1., . . . , s m .; t 1., . . . , t my t .
.  .  .  .1 , . . . , s m rows and t 1 , . . . , t m y t columns of L. H is generated by
f , . . . , f and the products d e .1 m st t gv t
LEMMA 4.1. Let S be an affine chart of the blowup of an ideal
 .K of R . Suppose that I L S s dS where 0 / d sm y t
 .  4det L for some permutations s of 1, . . . , ms  tq1., . . . , s m.; t 1., . . . , t myt .
 4 mand t of 1, . . . , l . Then the image of F : S ª S is generated as an S-module
by f , . . . , f .s 1. s  t .
 .Proof. By interchanging rows and columns, we can assume that s i s
 .i, t j s j for 1 F i F m, 1 F j F l and
) )
L s ,
B )
 .  .where B is an m y t = m y t matrix with determinant d. Let C be the
 .l = m y t matrix
adj B .C s ,
0
D
LC s ,dImyt .=myt .
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 .where the coefficients of D are in I L S. Hence there exists a matrixmy t
E with coefficients in S such that D s dE. Hence
E
0 s F Imyt .=myt .
 4so that the image of F in S is spanned as an S module by f , . . . , f .s 1. s  t .
Remark to Lemma 4.1. The same argument verifies that given f g I,
there exists b g R such thati
t
d f s b f .st t i s  i.
is1
LEMMA 4.1.1. Gi¨ en permutations s , g , t , v and a positi¨ e integer t,
there exists a g R, f g I such that
dt e s a e q f .st t gv t sv t
Proof. After reindexing, we may assume that
­ f , . . . , f .1 t
d s det L , e s det .st t tq1, . . . , m ; t 1. , . . . , t myt . sv t  /­ x , . . . , x .1 t
so that
­ f , . . . , f .g 1. g  t .
e s det .gv t  /­ x , . . . , x .1 t
Let d s d . By the Remark to Lemma 4.1, we have a g R for 1 F k,st t k l
l F t such that
t
df s a f .g  l . k l k
ks1
For 1 F j F t, we have
­ ­ d ­ fg  l .
df s f q d .g  l . g  l .­ x ­ x ­ xj j j
t t­ a ­ fk l ks f q a , k k l­ x ­ xj jks1 ks1
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so that
t­ f ­ fg  l . k
d ' a mod I , k l­ x ­ xj jks1
­ f ­ fg 1. g 1.
d ??? d
­ x ­ x1 t
. .t . .d e s detgv t . .
­ f ­ fg  t . g  t . 0d ??? d
­ x ­ x1 t
¡ ¦­ f ­ fk kt a ???ks1 k1  /­ x ­ x1 t
­ f ­ fk kt a ???ks1 k 2  /­ x ­ xs det q f for some f g I1 t
...
­ f ­ fk kt a ???ks1 k t¢ § /­ x ­ x1 t
­ f , . . . , f .1 ts a det q f for some a g R /­ x , . . . , x .1 t
s a e q f .sv t
The following lemma shows that H defines the nonsmooth locus of RrI.
 .  .LEMMA 4.2. Suppose P g spec R . Then H o P if and only if RrI isP
smooth o¨er k.
 .Proof. Suppose I ; P and RrI is smooth. Then there exists aP
 4  .permutation s of 1, . . . , m such that f , . . . , f R s I ands 1. s  t . P P
  .  ..I ­ f , . . . , f r ­ x , . . . , x s R . T h e n It s 1 . s  t . 1 r P m y t
 .L s R and H s R .s  tq1., . . . , s m.; 1, 2, . . . , l P P P
Now suppose that I ; P and H o P. Then H s R and there existsP P
­ f , . . . , f .g 1. g  t .
d s det L , e s det .st t s  tq1. , . . . , s m. ; t 1. , . . . , t myt . gv t  /­ x , . . . , x .v1. v  t .
such that d e f P. By Lemma 4.1.1, e f P, since I ; P. So I isst t gv t sv t P
 .generated by f , . . . , f , and e f P. Thus RrI is smooth.s 1. s  t . sv t P
The situation is very simple when H s R.
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THEOREM 4.3. Suppose that H s R. There exists a positi¨ e integer a ,0
depending only on F such that if a ) a ,0
F Gl mR ª R ª R
is a complex of R-module homomorphisms such that F ' G mod na, L ' F
 .mod n, then there exists a k-automorphism f of R and A g GL R suchm
that
 .  .1 GA s f F .
 . a2 f ' id mod n .
 . aya03 A ' Id mod n .
w xProof. Let G s g , . . . , g .1 m
First suppose that I / R. By Artin]Rees there exists a ) 1 such that0
na l I ; naya0 I for all a G a . Let t be the height of I. Since H s R,0
after reindexing, and making a change of coordinates of R, we have that
 .f s x for i F t and I s f , . . . , f . Hence there are relationsi i 1 t
a f q f s 0 for i ) t . i j j i /
jFt
Since L ' F mod n, there are relations
b g q c g q g s 0 for i ) t , i j j i j j i /  /
jFt j)t
where the c g n. Hence there are relationsi j
d g q g s 0 for i ) t , i j j i /
jFt
 .  . aand g , . . . , g s g , . . . , g . Since G ' F mod n , g , . . . , g ,1 m 1 t 1 t
x , . . . , x is a system of coordinates of R. Let f : R ª R be thetq1 r
 .  .k-automorphism defined by f x s g for 1 F i F t, f x s x for i ) t.i i i i
  ..  . a aThen f Image F s Image G and f ' id mod n . There exists k g ni
aya0 y1 .l I ; n I such that f g s f q k for i ) t. Hence there is ai i i
 . aya0 y1 .matrix B g GL R such that B ' id mod n and f G s FB. Letm
  ..y1  .A s f B . Then GA s f F .
Now suppose that I s R. Let a s 0. After possibly reindexing, we may0
assume that f is a unit in R. There exist k g na such that g s f q k f .1 i i i i 1
 . aIf a ) 0, there is B g GL R such that G s FB and B ' id mod n .m
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The remainder of this section is devoted to the proof of the following
theorem.
THEOREM 4.4. Suppose that H / R. There exist positi¨ e integers a , b , c0 0 0
depending only on F such that if a G a ,0
F Gl mR ª R ª R
is a complex of R-module homomorphisms such that F ' G mod H a, L ' F
c0  .mod H , then there exists a k-automorphism f of R and A g GL R suchm
that
 .  .1 GA s f F .
 . ayb02 f ' id mod H .
 . ayb03 A ' Id mod H .
 .Remark. When I s I F is a complete intersection, we can take a s 3,0
b s 1, c s 0. This is proved in Theorem 2.1, and is the nontrivial case of0 0
that theorem.
COROLLARY. Suppose that k is a field of characteristic zero with a
 4nontri¨ ial ¨aluation. Then Theorem 4.4 is true for R s k x , . . . , x , the ring1 r
of germs of con¨ergent power series. In particular, The conclusions of Theo-
rem 4.4 are true for germs of real analytic and complex analytic maps.
 .  .Proof. Let Z s z be a generic m = m matrix, X s x , . . . , x ,i j 1 r
 .Y s y , . . . , y generic vectors. Consider the set of analytic equations in1 r
X, Y, Z
G X Z s F X q Y . 8 .  .  .
ÃLet R be the completion of R with respect to H. The proof of Theorem
Ã Ãw x4.4 actually produces a formal isomorphism f9 s U, ? : R ª R, with
X X ayb0 Ã r X .  .  .U9 s u , . . . , u g H R and an invertible matrix A9 s a g1 r i j
Ã .  .  .M R with the desired properties 1 ] 3 . Z s A9, Y s U9 is a formalm
 .solution of 8 . By Theorem 1.5, there exists a convergent solution Z s A,
 . ayb0 ayb0Y s U of 8 such that A ' A9 mod H , U ' U9 mod H . Let
w x  .  .f s U, ? . Then A, f are analytic, and satisfy 1 ] 3 .
H is generated by the
2r
m l r
l s   /  /  /t m y t t
ts1
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products d e and f , . . . , f , wherest t gv t 1 m
d s det L , .st t s  tq1. , . . . , s m. ; t 1. , . . . , t myt .
­ f , . . . , f .g 1. g  t .
e s det .gv t  /­ x , . . . , x .v1. v  t .
Choose an ordering of these l q m generators, so that for 1 F i F l, i
corresponds to some d e , and for l - i F l q m, i corresponds tost t gv t
f . Let w s d e be the corresponding generator for 1 F i F l. Letiyl i st t gv t
X be the blow up of H. For i F l, let
w w f f1 l 1 m
S s R , . . . , , , . . . , .i d e d e d e d est t gv t st t gv t st t gv t st t gv t
For l - i F l q m let
w w f f1 l 1 m
S s R , . . . , , , . . . , .i f f f fiyl iyl iyl iyl
ÃLet R s S , the completion of S with respect to HS . Then the formali i i i
Ã  .completion of X along H is X s D spf R , HR s w R s d e R ifi i i i st t gv t i
i F l, HR s f if i ) l.i iyl
w x  .Let s G s g , . . . , g , J s g , . . . , g ; R.1 m 1 m
LEMMA 4.5. There exists d ) 0 such that for all R ,i
H d kernel F m id ; Image L m id ; kernel F m id 9 . .  .  .R R Ri i i
and
dHR l Image F m id ; H Image F m id . .  .  .i R Ri i
Proof. Let R be given. Let ¨ , . . . , ¨ be generators of the kernel ofi 1 s
F m id as an R module. Let h g HR be a generator of HR . ThereR i i ii d m d  .exists d ) 0 such that h ¨ g R for all k. Then h ¨ g kernel F sk k
 .  .Image L ; Image L m id for all k. After possibly increasing d, we canR i
assume that the second condition also holds.
LEMMA 4.6. Let d be the integer defined in Lemma 4.5. Suppose that
G EmlR ª R ª R .  .i i i
is a complex of R -module homomorphisms such that for some e ) d, F ' Ei
e e  .  .mod H R , L ' G mod H R , and Image F m id ; Image E . Theni i R i
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 .  .Image F m id s Image E .R i
w xProof. Let E s ¨ , . . . , ¨ ,1 m
I9 s f , . . . , f R s Image F m id , .  .1 m i R i
J9 s ¨ , . . . , ¨ R s Image E , .  .1 m i
 .dH9 s HR s hR . We will first show that H9 l J9 ; H9J9. Suppose thati i
 .d  .d a ¨ g H9 l J9. Then  a f g I9 l H9 ; H9I9.  a f s  b fj j j j j j j j
 .  . dfor some b g H9. Since  a y b f s 0, there exists by 9 , g ' hj j j j j
 .  .e da y b mod H9 such that g ¨ s 0. e ) d implies that h N g , andj j j j j
there exists g X ' a y b mod H9 such that g X ¨ s 0. g X s a q k forj j j j j j j j
some k g H9. Hence  a ¨ g H9J9.j j j
 .e¨ y f g H9 l J9 ; H9J9 for 1 F i F m. Hence J9 s H9J9 q I9 andi i
I9 s J9 by Nakayama's Lemma.
THEOREM 4.7. Suppose that
¨ 1
. m.V s g R ,i.
¨m
s sy2 r . rand F ' V mod H R with s G 2 r q 3. Then there exists U g H Ri i i
w x  .such that the k-algebra automorphism f s U , ? of R satisfies f IR ;i i i
 . sy2 ry1¨ , . . . , ¨ R and f ' id mod H R .1 m i i
Proof. First suppose that i F l so that HR s d e R . After rein-i st t gv t i
dexing, we may assume that
­ f , . . . , f .1 t
d s det L , e s det . .st t tq1, . . . , m ; t 1. , . . . , t myt . sv t  /­ x , . . . , x .1 t
Let d s d , e s e ,st t sv t
­ f , . . . , f .g 1. g  t .
e s det ,gv t  /­ x , . . . , x .1 t
d efc t gv t
d s dfc t st td est t gv t
 .for all permutations f, c . Hence I L R s d R , so that IR smy t i st t i i
 .f , . . . , f by Lemma 4.1.1 t
Let
f ¨1 1
. .. .F s , V s .t t. .
¨f tt
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By Lemma 4.1.1,
2 t 2 ty2 2 2d e s e a e q f s a 9e q f 9 .  . .st t gv t gv t sv t sv t
for some a 9 g R, f 9 g I. V ' F mod H sR implies that there existt t i
l g H sy2 tR , c g H sy2 tR such thatk i k j i
t
2¨ s f q l e q c fk k k k j j
js1
for 1 F k F t. Let
1 q c ??? c11 1 t
. .. .B s ,. . 0c ??? 1 q ct1 t t
By1V ' F mod e2H sy2 t. Lett t
u1
.y1 .T s B V s .t t .
ut
Let
­ f , . . . , f .1 t
W9 s .
­ x , . . . , x .1 r
Define an r = t matrix
­ f , . . . , f .1 t
adj  /A s .­ x , . . . , x .t 1 t
0
  .  ..Then ­ f , . . . , f r­ x , . . . , x A s e Id . There exist linear functions1 t 1 r t t
 .  . th such that for a s a , . . . , a g Ri 1 t i
h a .a 11 .. ..A s s h a , .t ..
a h a .t r
F x q h ea s F x q W9h ea q terms of degree G 2 in eh a .  .  .  . .t t j
2 2s F x q e a q e B a , .  .  .  .t
 .where B a involves terms of degree two and higher in the a .j
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 .2 sy2 t . tT y F s e p, with p g H R . We must solve the equationst t i
a q B a s p. .
sy2 t . t w  . xBy Lemma 1.4, there exists a solution a g H R . Let f s h ea , ? .i
 .  .  .Then f f s u for 1 F i F t, and f IR ; u , . . . , u R si i i 1 t i
 .  .¨ , . . . , ¨ R ; ¨ , . . . , ¨ R .1 t i 1 m i
Now suppose that i ) l so that HR s f R . Then IR si iyl i i
 .¨ , . . . , ¨ R , so the theorem is satisfied with f s id.1 m i
LEMMA 4.8. There exists an integer e such that if F ' G mod H e2 and f2
0 Ã 0 Ã  ..  .is an automorphism of R such that f H X, IO s H X, JO andÃ ÃX X
e2  .f ' id mod H , then f I s J.
Proof. Let I s a l W be a primary decomposition, where a is the1
intersection of primary components of I belonging to primes containing
0 Ã’  .H. Then H ; a . I s H X, IO for all primes P such that H o P.ÃP X P
0 Ã .Thus H X, IO s b l W , where b is the intersection of primary com-ÃX 1
0 Ã .ponents of H X, IO belonging to primes containing H. There exists aÃX
positive integer e such that H e ; a, so that
e 0 Ã eH l H X , IO s H l b l W ; a l W s I.Ã .X 1 1
By Artin]Rees, there exists e , with e G e such that2 2
e2 0 Ã e2 e 0 ÃH l H X , IO s H l H l H X , IO ; HI.Ã Ã .  . /X X
e2 y1 . e2f ' g mod H implies f g y f g H for all i;i i i i
0 Ã 0 ÃJ ; H X , JO s f H X , IOÃ Ã .  . /X X
implies
y1 e2 0 Ãf y f g g H l H X , IO ; HI . Ã .i i X
y1 .  .for all i. Hence I s f J q HI, and f I s J by Nakayama's Lemma.
Define a coherent sheaf of O modulesÃX
¡ ¦z1­ f , . . . , f .1 m .a r aqb m~ ¥.B a, b s z , . . . , z g H O N g IqH O . .  .  .Ã Ã1 r X X.­ x , . . . , x .1 r¢ §zr
1 Ã  ..LEMMA 4.9. For fixed b, there exists a such that H X, B a, b s 0 for0
all a G a .0
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 . aProof. B a, b is a graded sheaf of H O modules.Ã[ [aG 0 aG 0 X
 . a  .B a, b is a finite H O module since B a, bÃ[ [ [aG 0 aG 0 X aG 0
a r  . a; H O . Hence B a, b is generated as a H OÃ Ã[ [ [aG 0 X aG 0 aG 0 X
module by homogeneous elements of degree F t for some t - `;
t
aysB a, b s H B s, b for all a G t .  .
ss0
t
ay t tyss H H B s, b . . /
ss0
There exists a such that for j ) a ,
t
1 j tysÃH X , H H B s, b s 0 . / /
ss0
1 Ã  ..since HO is ample. Hence H X, B a, b s 0 for a ) a q t.ÃX
  .4 1  ..Proof of Theorem 4.4. Let H s spf R . Let H H, B a, b denotei
the associated Cech cohomology group.
By Lemma 1.1 there exists an integer b such that for all a G b ,
0 Ã a 0 a aybH X , H O s H X , H O ; H . .Ã .X X
By Lemma 4.9 we can choose a positive integer e such that1
1 1 ÃH H , B a , 2 r q 2 s H X , B a , 2 r q 2 s 0 for a G e . .  . .  . 1
By Artin]Rees, there exists e such that H e l I ; H eye3 I for all e G e .3 3
Let c s d q 1, a s max 4 r q 6, b q 2 r q e q 4, 2 r q 4 q d, e q0 0 3 1
42 r q 1, 2 r q 4 q b q e , b s b q 2 r q 3 q e , where e and d are the2 0 3 2
numbers from Lemmas 4.8 and 4.6.
Let I s IR , J s JR , H s HR . Letk k k k k k
¡ wk
R if k , l F lÃk /wl
wk
R if k F l, l ) lÃk /flyl~R sk l fkyl
R if k ) l, l F lÃk /wl
fkyl
R if k , l ) l,Ãk¢ /flyl
Ãwhere denotes completion with respect to H, H s HR .k l k l
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Suppose that G and F satisfy the assumptions of Theorem 4.4. We will
construct by induction on ¨ automorphisms s i : R ª R which satisfy the¨ i i
following five properties:
 . i ay2 ry2 . r i w i xv1 There exists U g H R such that s s U , ? .¨ i ¨ ¨
 . w i x w j x ¨q1v2 For all i, j, U , ? s U , ? on R rH .¨ ¨ i j i j
 . i   .¨q2 rq2 . .   .¨q2 rq2 .v3 s I q H R s J q H R .¨ i i i i i i
 . i j  .¨q1 . rv4 U y U g H R .¨ ¨ i i j
 . i i ¨  . rv5 U y U g H R .¨ ¨y1 i
 .  .  .If properties v1 ] v5 hold, we will say that c ¨ holds. For ¨ F a y
i i  .2 r y 2 let U s 0, s s id. Suppose that ¨ G a y 2 r y 2 and c t holds¨ ¨
i  .for all t F ¨ . We will construct maps s such that c ¨ q 1 holds.¨q1
w i xy1 .  .  .¨q2 rq2Let G s U , ? J . Property v3 implies that I ; G q H ,i ¨ i i i i
 .m . ¨q2 rq2so there exists V g Hom R , R such that V ' F mod H andR i i ii
 . i  .¨q2  . rimage V ; G . By Theorem 4.7, there exists Y g H R such thati i i
w xY , I ; G . The complexi i i
w xy1 i .y1 . w xy1 i .y1 .Y , ? s F Y , ? s Gi ¨ i ¨mlR ª R ª R .  .i i i
 .dq1is congruent mod H toi
L FmlR ª R ª R .  .i i i
w xy1 . w xy1 i .y1 .and I ; Y , ? G s Image Y , ? s G . By Lemma 4.6,i i i i ¨
i w i x.s Y , I s J .¨ i i
Let Z i s U i q Y i. Lemma 1.3 shows that¨
¨qay2 ry2i i i i i iw x w xs Y , ? s U , Y , ? ' U q Y , ? mod H . .¨ ¨ ¨ i
¨qay2 ry2iw x' Z , ? mod H ; .i
¨qay2 ry2iZ , I q H .i i
¨qay2 ry2 ¨qay2 ry2i is s Y , I q H s J q H . .  . /¨ i i i i
w j xy1w i x w i j x  .¨qay2 ry3Z , ? Z , ? N ' Z y Z , ? N mod H by Lemma 1.3,R R i ji j i j
i j  .¨q1 . r w i j  ¨qay2 ry3. x since Z y Z g H R . Z y Z , I q H R s I qi j i j i j
¨qay2 ry3.H R .i j
 i j4 1  ..The Cech cocycle Z y Z g H H, B ¨ q 1, 2 q 2 r s 0. Hence
there exists
ri 0 ¨q1 4B g H spf R , B ¨ q 1, 2 q 2 r ; H R .  .  . .[ i i
i i
i j i j  . w i xsuch that B y B s Z y Z . By definition of B ¨ q 1, 2 q 2 r , B , Ii
; I q H ¨q2 rq3R .i i
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X w i xy1 . X ¨q2 rq3Let I s B , ? I . I ; I q H R . By Theorem 4.7 and Lemmai i i i i
i  ¨q3 . r w i x X w i x4.6, there exists C g H R such that C , I s I , since B , ? isi i i
congruent to the identity mod H ay2 ry2R .i
i i  i i. i w i xLet U s Z y B q C and s s U , ? . We will show that the¨q1 ¨q1 ¨q1
i  .U satisfy the five conditions of c ¨ q 1 .¨q1
 . i  i i. ay2 ry2 . r1 holds since Z y B q C g H R by construction.i
 .2 holds since by Theorem 1.2 and Lemma 1.3
i i i i ¨q2w xU ? ' Z y B , yC , ? mod H R¨q1 , i j
w i i x ¨q2' Z y B , ? mod H Ri j
w j j x ¨q2' Z y B , ? mod H Ri j
j j j ¨q2w x' Z y B , yC , ? mod H Ri j
j ¨q2' U , ? mod H R .¨q1 i j
 .3 follows from Lemma 1.3, and the fact that a G 4 r q 6:
i i i i ¨qay2 ry3w xU , ? ' Z , yB y C , ? mod H R¨q1 i
y1i i i ¨qay2 ry3w x' Z , B q C , ? mod H Ri
y1i i i ¨qay2 ry3w x' Z , B , C , ? mod H R . . i
 . w i x w j x ¨q2  .Now we will show 4 . U , ? ' U , ? mod H R by 2 .¨q1 ¨q1 i j
w i x w j x ¨q2 i jU , x y U , x g H R for all 1 F t F r, so that U y U¨q1 t ¨q1 t i j ¨q1 ¨q1
¨q2  . rg H R .i j
 .5 holds since
U i y U i s Z i y Bi y C i y U i¨q1 ¨ ¨
ri i i i ¨q1' Z y B y C y Z mod H R .i
r¨q1' 0 mod H R .i
i i ¨q1 . rsince B , C g H R .i
i  .This concludes the inductive construction of the maps s satisfying c ¨ .¨
i  i4Let U be the limits of the Cauchy sequences U . By construction,¨
U i y U j s 0 on R . Hence there existsi j
r r0 ay2 ry2 0 ay2 ry2ÃU g H H , H O s H X , H O .  . .  .Ã ÃX X
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i w x  .such that U N R s U for all i. Let s9 s U, ? . By construction, s9 IO sÃi X
JO and s9 ' id mod H ay r 2y3O .Ã ÃX X
0 0 Ã ay2 ry3 ay2 ry3yb .  .Let s s H s9 . s ' id mod H X, H O ; H andÃX
0 Ã 0 Ãs H X , IO s H X , JO .Ã Ã .  . /X X
 .By Lemma 4.8, s I s J.
y1 .  y1 . .  . ay2 ry3ybLet k s s g y f s s g y g q g y f g H l I ;i i i i i i i
ay2 ry3ybye3 ayb0  .H I. k s  w f with w g H . Let W s w . Theni ji j ji ji
y1 .  . w  .xy1s G s F id q W . Set f s s and A s f id q W to get GA s
 . ayb0 ayb0f F with f ' id mod H and A ' id mod H .
5. FINITE DETERMINANCY OF MODULES
THEOREM 5.1. Suppose that R is a domain, F, G are finite free R-mod-
 .  .  .ules, and A g Hom F, G . Let r s rank A . Assume that I A s R andR r
 .  .R is m-adically complete. Suppose that B g Hom F, G with rank B FR
 . j  .rank A and A ' B mod m for some j G 1. Then there exist C g Aut F ,R
 . j jD g Aut G such that B s DAC and C ' id mod m , D ' id mod m .R
 .  .  .  .  .  .Proof. rank B s rank A and I A s I B since I B ' I A modr r r r
m. Hence there exist bases B, B9 of F and G relative to which A has the
matrix
id 0 .
0 0
B has a matrix
a b
g d
 .relative to the bases B and B9. det a ' 1 mod m. Hence there exists a
change of basis of F and G such that the matrix of B becomes
id ) .) )
 .Since rank B s r, B can be transformed to
id 0
0 0
by elementary row and column operations. These operations are all
j  .equivalent to the identity mod m . Hence there exist C g Aut F ,R
 . j jD g Aut G such that C ' id mod m , D ' id mod m , and B s DAC.R
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THEOREM 5.2. Suppose that R is a domain, F, G are finite free R-mod-
 .  .  .ules, and A g Hom F, G . Let r s rank A and H s I A . Assume thatR r
R is H-adically complete. Then there exist positi¨ e integers m G 2 and n with0 0
 .  .the following property. Suppose that B g Hom F, G with rank B FR
 . j  .rank A and A ' B mod H for some j G m . Then there exist C g Aut F ,0 R
 . jyn0D g Aut G such that B s DAC and C ' id mod H , D ' id modR
H jyn0.
COROLLARY. Suppose that R is a domain,
f f2 1
F ª F ª F2 1 0
 .is a complex of finite free R-modules, exact at the middle. Let H s I f .1
Assume that R is H-adically complete. Then there exist positi¨ e integers
m G 2, n , and c with the following property. Suppose that0 0 0
g g2 1
F ª F ª F2 1 0
is a complex with g ' f mod H j for some j G m and g ' f mod H c0.1 1 0 2 2
Then there exist R-module automorphisms f and f making a commutati¨ e1 0
square
f1 6F F1 0
6 6
f f1 0
g1 6F F1 0
with f ' id mod H jyn0 for i s 0, 1.i
 .  .Proof of Corollary. Let s s rank f . There exists c such that I f k2 0 s 2
0 mod H c0. Let m and n be the constants of Theorem 5.2. Suppose that0 0
g , g are as in the statement of the corollary.1 2
 .  .  .Let r s rank f . rank g G rank f by Nakayama's Lemma, since1 1 1
 .  . 2I g ' I f mod H ;r 1 r 1
rank g G rank f .  .2 2
since
I g ' I f mod H c0 . .  .s 2 s 2
The corollary now follows from Theorem 5.2, since
rank g q rank g F dim F .  .  .1 2 1
s rank f q rank f F rank g q rank g . .  .  .  .1 2 1 2
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LEMMA 5.3. Suppose that R is a ring, F and G are free R-modules of finite
 .rank, A g End F, G , H is an ideal of R such that R is H-adicallyR
Ã .complete, and f : X ª spec R is the blowup of H. Let X denote the formal
completion of X with respect to HO . For positi¨ e integers a and b, letX
S A , a, b .
s X , Y g H a End F m O [ End G m O N YA q AX .  .  . .Ã Ã O X O XÃ ÃX X
' 0 mod H aqbO .Ã5X
1 Ã .   ..Then S A, a, b is a coherent O module, and H X, S A, a, b s 0 for allÃX
a sufficiently large compared to b.
The proof is similar to Lemma 4.9.
LEMMA 5.4. Let R be a domain, let F and G be free R modules of finite
 .  .  .  .rank, A g End F, G . Suppose that r s rank A , I A s h is a princi-R r
ple ideal. Then there exist free R-modules M and N and t ) 0 such that M is a
 . t tsubmodule of F, N is a submodule of G, A M ; N, h F ; M, h G ; N,
and there exist bases of M and N such that the matrix of A relati¨ e to this basis
is
id 0r ,
0 0
where id is the r = r identity matrix.r
 .Proof. Suppose F has rank n, G has rank m. I A s R . Hencer h h
there exist bases of F and G such that the matrix of A relative to theseh h
bases has the desired form. Since h is a unit in R , we may, afterh
multiplying these bases by a power of h, assume that these bases generate
submodules M and N of F and G, respectively. Since F s M andh h
G s N there exists a t with the desired property.h h
LEMMA 5.5. Suppose that R is an H-adically complete ring, F is a free R
 . amodule of finite rank, adn A, B g End F are such that A ' 0 mod HR
and A y B ' 0 mod H b. Then
y1 y1 aqbI q A I q B ' I q B I q A ' I q B y A mod H . .  .  .  .
CUTKOSKY AND SRINIVASAN50
Proof.
y1 b2 b abq1.I q A ' I y A q A q ??? q y1 A mod H ; .  .
y1 2 2I q A I q B ' I q B y A y AB q A q A B y ??? .  .
b b abq1.q y1 A B mod H .
' I q B y A q A yB q A q ??? .
b b abq1.q y1 A B y A mod H .  .
' I q B y A mod H aqb .
 . .y1A similar calculation shows that I q B I q A ' I q B y
A mod H aqb.
The proof of the following lemma is immediate.
LEMMA 5.6. Suppose that R is an H-adically complete domain, F, G are
 . a  . afinite free R-modules, A g Hom F, G , C g H End F , E g HR R
 . b  . b  .End G , D g H End F , F g H End G . ThenR R R
I q E q F A I q C q D .  .
' I q E I q F A I q C I q D mod H aqb .  .  .  .
y1 y1 2 aI q E A I q C ' I y E A I y C mod H . .  .  .  .
 .  .  .  .Proof of Theorem 5.2. rank B G rank A if j G 2 since I B ' I Ar r
j  .  .mod H . Hence rank B s rank A .
 .  .First assume that I A is a principle ideal H s h . By Lemma 5.4r
there exist free modules M, N and t ) 0 such that htF ; M ; F, htG ; N
; G, and there exist bases B, B9 of M and N relative to which A : M ª
N has the matrix
id 0 .
0 0
j  .Let m s 2 t q 1, n s 2 t. Suppose j G m and A ' B mod H . B M ;0 0 0
 .  . jN since B M ; A M q h G ; N. B : M ª N has a matrix
a b
g d
relative to the bases B and B9.
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 .  . j jyt t jytFor all x g M, A x y B x g h G s h h G ; h N. Hence
a bid 0 jy t' mod H .
0 0 g d
 .  . jy tdet a is a unit in R since det a ' 1 mod H . Hence there exists a
change of basis of M and N such that the matrix of B becomes
id ) .) )
 .Since rank B s r, B can be transformed to
id 0
0 0
by elementary row and column operations. These operations are all
jy t  .equivalent to the identity mod H . Hence there exist C g Aut M ,R
 . jy t jytD g Aut N such that C ' id mod H , D ' id mod H , and B sR
DAC.
We will show that C extends to an automorphism of F which is
congruent to the identity mod H jy2 t, and D extends to an automorphism
jy2 t  t . tof G which is congruent to the identity mod H . C h F ; h F q
jy t t t  .h M ; h F. Suppose y g h F. Then there exists x g M such that C x
s y. x g htF since x y y g htM. Hence C : htF ª htF is an isomorphism.
Since R is a domain, C : F ª F is an isomorphism and C ' id mod H jy2 t.
A similar argument shows that D extends. This concludes the proof of the
 .theorem when I A is principle.r
 .  .Now in the general case I A s h , . . . , h where h are the r = rr 1 p i
minors of A relative to some bases of F and G. Let R si
w x  .R h rh , . . . , h rh for 0 F i F p. Let X s D spec R , the blowup of H.1 i p i i
 .  .Set O 1 s HO . We have HR s h R s I A m id is a principleX X i i i r R i
ideal.
ÃLet R denote the completion of R with respect to HR . By the proofi i i
of the theorem when H is principle, there exist constants a, b such that if
j X B ' A mod H for j G a, then for 0 F i F p there exist C g End F mÃi R iÃ X Ã X X X jyb Ã.  .R and D g End G m R such that B s D AC , C ' id mod H R ,Ãi i R i i i i ii
X jyb ÃD ' id mod H R .i i
w x  .  .  .Let R s R h rh . R s R and spec R s spec R l spec R . Leti j i i j i j ji i j i j
ÃR denote the completion of R with respect to HR .i j i j i j
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ÃLet X denote the formal completion of X along HO . Since R isX
H-adically complete and by Lemma 1.1, there exists t such that1
ÃG X , O j m End F m O s G X , O j m End F m O .  .  . .  .Ã Ã Ã .X X X X X X
; H jy t1 End F .R
and
ÃG X , O j m End G m O s G X , O j m End G m O .  .  . .  .Ã Ã Ã .X X X X X X
; H jy t1 End G .R
1 Ã for all j G t . By Lemma 5.3, there exists a such that H X, S A, ¨ ,1
..b q 1 s 0 for all ¨ G a .
 .Let m s max a, a q b q 1, 2b q 2, b q 2 q t , n s b q t q 1. Sup-0 1 0 1
pose that A ' B mod H j for some j G m .0
 . ¨Given ¨ g Z , consider the four conditions C ¨ below on C gq i
Ã ¨ Ã .  .End F m R and D g End G m R .Ã ÃR i i R ii i
¨ ¨ jyby1 Ã .v1 C , D ' 0 mod H R .i i i
¨ ¨ ¨ ¨ ¨q1 Ã .v2 C y C , D y D ' 0 mod H R .i j i j i j
¨ ¨ ¨qbq1 Ã .  .  .v3 I q D A I q C ' B mod H R .i i i
¨ ¨y1 ¨ Ã ¨ ¨y1 ¨ Ã .v4 C y C ' 0 mod H R , D y D ' 0 mod H R .i i i i i i
We will now inductively construct for ¨ g Z maps C ¨, D¨ satisfyingq i i
 .the four conditions C ¨ .
For ¨ F j y b y 1 take C ¨, D¨ to be zero. Now suppose that ¨ G j yi i
b y 1 and maps C w, Dw have been constructed for w F ¨ satisfyingi i
 . ¨q1 ¨q1the conditions of C w . We will construct maps C , D satisfyingi i
 .the conditions of C ¨ q 1 . Note that since ¨ G j y b y 1 and j G m G0
2b q 2, we have ¨ G b q 1.
Set
y1 y1X ¨ ¨B s I q D B I q C .  .i i i
¨qbq1 Ã' A mod H R .i
¨q1 Ã ¨q1 Ã .  .There exists X g H End F m R and Y g H End G m RÃ Ãi R i i R ii i
such that
I q Y A I q X s BX . .  .i i i
Let S s C ¨ q X , T s D¨ q Y ;i i i i i i
I q T A I q S .  .i i
¨ ¨ ¨qbq2 Ã' I q D I q Y A I q X I q C mod H R .  . .  .i i i i i
¨qbq2 Ã' B mod H R .i
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Thus we have
y1 y1 ¨qbq2 ÃA ' I q T I q T A I q S I q S mod H R .  . .  .j i i j i j
¨qbq2 Ã' I q T y T A I q S y S mod H R .  .i j i j i j
¨qbq2 Ã' A q T y T A q A S y S mod H R .  .i j i j i j
 .4 by Lemmas 5.5 and 5.6. Hence S y S , T y T is a 1-cocycle in S A,i j i j
1 Ã.   ..  .¨ q 1, b q 1 . Since H X, S A, ¨ q 1, b q 1 s 0 there exist E , F ini i
Ã  .  ..G spf R , S A, ¨ q 1, b q 1 such that E y E s S y S and F y F si i j i j i j
T y T .i j
Let
y1 y1X ¨qbq2 ÃA s I q F A I q E ' A mod H R . .  .i i i i
¨q2 Ã ¨q2 Ã .  .There exists V g H End F m R and W g H End G m RÃ Ãi R i i R ii i
 .  . Xsuch that I q W A I q V s A .i i i
Let C ¨q1 s C ¨ q X y E y V , D¨q1 s D¨ q Y y F y W .i i i i i i i i i i
 .  .  .We will now verify C ¨ q 1 . The verification of conditions 1 and 4 is
 .immediate. Condition 2 holds since
q¨1 ¨q1 ¨q2 ÃC yC s S yS qE yE yV qV sV yV '0 mod H R , .i j i j j i i j j i i j
¨q1 ¨q1 ¨q2 ÃD yD s T yT qF yF yW qW sW yW '0 mod H R . .i j i j j i i j j i i j
 .Condition 3 holds since
I q D¨q1 A I q C ¨q1 .  .i i
y1 y1 y1 y1
' IqT IqW IqF A IqE IqV IqS .  .  .  .  .  .i i i i i i
¨qbq2 Ã=mod H Ri
¨qbq2 Ã' B mod H R .i
This concludes the inductive construction of the C ¨ and D¨.i i
¨ ¨ Ã . The C and D are Cauchy sequences in End F m R and End G mÃ Ãi i R i Ri iÃ .R , respectively. Hence the limits of these Cauchy sequences give C gi i
Ã Ã .  .  .  .End F m R and D g End G m R such that I q D A I q C s B,Ã ÃR i i R i i ii iÃ Ã jyby1 ÃC s C on R , D s D on R , and C , D ' 0 mod H R . Hencei j i j i j i j i i i
these maps glue to give
ÃC9 g G X , O j y b y 1 m End F m O s G X , O j y b y 1 .  . . Ã Ã Ã .X X X X
mEnd F m O ; H jyby1yt1 End F , .  ..X X R
ÃD9 g G X , O j y b y 1 End G m O s G X , O j y b y 1 .  . . Ã Ã Ã .X X X X
mEnd G m O ; H jyby1yt1 End G .  ..X X R
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 .  .such that I q D9 A I q C9 s B. C s id q C9 and D s id q D9 thus
have the desired properties.
LEMMA 5.7. Suppose R is a domain, F and G are free R modules of finite
 .rank, A g Hom F, G , H ; R is a proper ideal such that R is H-adicallyR
complete. Then there exists an integer m ) 0 such that for any B g0
 .  .  . mHom F, G with Image B ; Image A and A ' B mod H with m )R
m there exists an R-module isomorphism C of F such that AC s B and0
C ' id mod H my m0.
Proof. By Artin]Rees there exists m such that m ) m implies H mG0 0
 . my m0  .  4l Image A ; H Image A . Relative to fixed bases e , . . . , e of F1 n
 4and f , . . . , f of G let1 l
l l
A e s a f , B e s b f .  . i i j j i i j j
js1 js1
 .  .so that a is the matrix of A, b is the matrix of B. By hypothesis,i j i j
b y a s d g H m;i j i j i j
l
m mym0B e y A e s d f g H G l Image A ; H Image A . .  .  .  .i i i j j
js1
Hence there exists l g H my m0 and  r e g F such thati i j j
B e s A e q l A r e s A e q l r e .  .  .  . i i i i j j i i i j j
for 0 F i F n.
Let s s l r , and let C be the R-module isomorphism of F withi j i i j
 . my m0matrix id q s . Then C ' id mod H , and B s AC.i j
 .THEOREM 5.8. Suppose that R, m is a noetherian complete local do-
main,
f f ft ty1 1
F: ??? ª F ª F ª ??? ª Ft ty1 0
is a complex of free R-module homomorphisms, exact up to degree s with
.1 F s F ` . Let
I f if I f / R , .  .i iI si  m if I f s R . .i
Then gi¨ en a sequence of positi¨ e integers n there exists a sequence m ofi i
positi¨ e integers such that if
g g gt ty1 1
G: ??? ª F ª F ª ??? ª Ft ty1 0
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is a complex with
f ' g mod I m i for i F s q 1i i i
then there exists a map of complexes F : F ª G
f f ft ty1 16 6 6
??? ª F F ??? Ft ty1 0
6 6 6
f f ft ty1 0
g g gt ty1 16 6 6
??? ª F F ??? Ft ty1 0
such that f ' id mod I ni for 1 F i F s q 1 and f ' id mod I n1.i i 0 1
Remark. The theorem is true with I s H for all i, where H is thei
ideal
I f if I f / R , .  .1 1H s  m if I f s R . .1
 .Proof. We will require that m G 2 for all m . Let r s rank f .i i i i
 .  . r i m i  .Suppose that I g s 0 for some i. Then I g q I s I f . Whenr i r i i r ii i i
 .I f s I , this implies I s 0, by Nakayama's Lemma, which is impossible.r i i ii
 .  .When I f s R, this implies I s R which is not true. Hence rank g Gr i i ii
 .rank f for i F s q 1.i
Since G is a complex,
rank g q rank g F dim F s rank f q rank f .  .  .  .  .iq1 i i iq1 i
 .  .for 1 F i F s. Hence rank g s rank f for i F s q 1.i i
 .  .By Theorems 5.1 and 5.2, since rank f s rank g , given n ) 0, there2 2 1
exists m such that if f ' g mod I m1, there are commutative diagrams1 1 1 1
f1 6F F1 0
6 6
F F1 0
g1 6F F1 0
with f ' id mod I n1 and f ' id mod I n1.0 1 1 1
Suppose that we have proved the theorem for complexes of length F t.
We will prove the theorem for complexes of length t q 1. Let the integers
n , i F t q 1, of the statement of the theorem be given.i
a  w x.There exists a ) 0 such that I ; I Theorem 2.1 BE . Let b bet tq1
the m of Lemma 5.7, computed for A s f and H s I . By induction,0 tq1 tq1
there exist integers m , for 1 F i F t such that f ' g mod I m i for i F ti i i i
implies there exist maps f ' id mod I n1, f ' id mod I ni for 1 F i F0 1 i i
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t y 1 and f ' id mod I maxnt , a ntq 1qb . which give an isomorphism of thet t
corresponding terms of the complexes F and G. By Theorems 5.1 and 5.2,
 .  .since rank f s rank g , there exists an integer m such thattq1 tq1 tq1
f ' g mod I m tq 1 implies there exist R-module isomorphisms C andtq1 tq1 tq1 t
C such that there is a commutative diagramtq1
ftq1 6F Ftq1 t
6 6
C Ctq1 t
gtq1 6F Ftq1 t
with C ' id mod I ntq 1qb , C ' id mod I ntq 1.t tq1 tq1 tq1
Now suppose that a complex G is given such that g ' f mod I m i fori i i
1 F i F t q 1. We will construct an isomorphism of complexes F whose
terms are congruent to the identity modulo the required powers I ni. Byi
our choice of m , there exist isomorphisms F for 1 F i F t and C , Ci i t tq1
as in the above paragraph;
C Image f s Image g ; Kernel g s F Kernel f .  .  .  . .  .t tq1 tq1 t t t
s F Image f . .t tq1
 y1 .  .Hence Image F C f ; Image f . By constructiont t tq1 tq1
Fy1 C f ' f mod I ntq 1qb .t t tq1 tq1 tq1
By our choice of b , there exists an R-module isomorphism C of Ftq1
such that f C s fy1 C f and C ' id mod I ntq 1. Then the followingtq1 t t tq1 tq1
diagram commutes
ftq1 6F Ftq1 t
6 6
y1y1 C FC t t
ftq1 6F Ftq1 t
6 6
C Ctq1 t
gtq1 6F Ftq1 t
Let f s C Cy1. Then we have constructed an isomorphism of com-tq1 tq1
plexes as desired.
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